
ISRAEL JOURNAL OF MATHEMATICS, Vol. 21, No. 1, 1975 

A TWO CARDINAL THEOREM FOR SETS 
OF FORMULAS IN A STABLE THEORY 

BY 

VICTOR H A R N I K  

ABSTRACT 

We generalize a weak version of  Lachlan 's  two-cardinal theorem to the 
context  of  a set of  formulas of  power  less than ,~ (instead of  a simple formula) 
and A-compact models (instead of  arbitrary models). A few applications are 
described. 

The subject of this paper belongs to to the theory of A-compact models. The 

idea is to take a theorem of (ordinary) model theory, to generalize it to a 

theorem concerning A-compact models and then to infer from this new results 

of independent interest. This pattern first occurred in the (independent) works 

of Ressayre [12], Rowbottom (unpublished) and Shelah [14]. We used it jointly 

with Ressayre [7] and systematically pursued it in [5]. 

Being more specific about the method, the ordinary concept of model is 

replaced by that of A-compact model and, at the same time, many other usual 

concepts are replaced by corresponding "A-concepts" (e.g., "isolated typed" is 

replaced by "A-isolated type", "prime model" by "A-prime model", etc.). 

When A = &, the "A-concepts" degenerate to the usual concepts (e.g., every 

model is &-compact) and this is why we said above that the results in 

A-compact model theory generalize ordinary results. 

Our Main Lemma 3.1 is a "A-analogue" of Lachlan's theorem in [8]. 3.1 

generalizes a weak version of Lachlan's theorem (namely, the one obtained by 

replacing the assumption of stability by the stronger one of total trancendental- 

ity) but not Lachlan's theorem itself. The reason for this is that there seems to 

be no satisfactory A-concept corresponding to the notion of prime model used 

by Lachlan and independently discovered by Shelah [16]. 

The paper is organized as follows. Sections 0-1 contain notations and a 

review of concepts and results from stability theory. Section 2 includes results 
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needed both for iterating the application of the Main Lemma 3.1 into the 

transfinite and for extending our results to all cardinals )t _-__/x (T),  including the 

singular ones. Section 3 contains the Main Lemma 3.1 which is then applied 

transfinitely many times to yield a two cardinal theorem for sets of less than )t 

formulas and A-compact models. In Section 4 we prove a " t ransfer"  theorem 

stating, roughly, that if there is a A-compact  two cardinal model then there is a 

A~-compact two cardinal model for  every A, ;t~ ->_/z(T). In Section 5 we give a 

new proof  of Shelah's two cardinal theorem ([13]) and in Section 6 we apply 

our results to minimal types and get a new proof of (an improved version of) a 

result of Shelah about maximally A-saturated models (cf. [15]*. In Section 7 we 

briefly discuss similar results for / t  -saturated rather than A -compact  models. 

0. Notation 

a, x, etc., will denote finite sequences of elements. If A is a set then c~ E A 

will mean that all the elements of the sequence ci belong to A. tin/7 will denote  

the concatenat ion of ci and /~. 

L will be a first order finitary language whose variables will be denoted by v, 

u, x with or without subscripts. Structures will be denoted by 9/, ~ ,  etc., and 

their respect ive universes by A, B, etc. 

T will be a complete L- theory .  We assume (as Shelah does e.g., in [16]) the 

existence of a huge model M ]= T such that every other model of T which 

comes into consideration is an elementary substructure of M. We shall write 

"l=~b '' instead of "M I=~b ''. C, D will denote subsets of M (the universe of M). 

As usual (see e.g., [10]), we denote  by L(C) the language obtained f rom L by 

adding individual constants as names of the elements of C (we shall make no 

notational distinction between an element and its name) and by F(C) (F,(C)) 
the set of L ( C ) - fo rmu la s  with free variable(s) Vo(Vo,"., v~-3. A type of T 

over  C is a set A(vo)CF(C)  which is consistent in the sense that for  some 

element  a ~ M ,  I=A(a) (i.e., I=~b(a) for  all qb(Vo)EA(vo)); we say that a 

realizes A(vo). The notion of n- type  A(~) C F, (C) over  C is defined similarly. A 

type over  O is called simply a type or a pure type. If F(vo) is a pure type and C a 

set then F(C) = {c : c E C and I=F(c)} (an unusual notation); for  a structure 92 

we write F(92)= F(A). 

The complete type of an element a over  C is p(a, C) = {qb(Vo): qb(vo) E F(C) 
and l= 4,(a)}; p(fi, C) will be the complete n- type  of the n-tuple d over  C. S(C) 

t After completing this paper, we have learned from Prof. S. Shelah that he obtained the same 
improvement before us; see remark at the end of this paper. 
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will be the set of all complete (1-) types over C. For q E S(C),  C, CC, let 

q tC, = q n F(C,). 

We remind the reader the closely related notions of A-saturated and 

A-compact model. 9/ is A-saturated if for every C CA with If I< I AI and 

every p ~ S(C),  p is realized by an element of A. 9/is A-compact if every type 

A(Vo) over A with IA(Vo) l < A is realized by an element of A. For A > I T I the 

two notions are equivalent and for A =< ] T I the notion of A-compact is weaker 

than A-saturated. 

Finally, a set of indiscernibles over C is an infinite set ! such that for any 

n < to, any two n-tuples of distinct elements of I have the same complete 

n-type over C. 

1. Preliminaries 

T is called stable in A iff for all C, I C I = A implies IS(C) I = A. T is stable if it 
is stable in some cardinal. 

Stability can also be defined with the help of Morley trees. A Morley Tree of 

height ~ is a family {~bs(Vo): s E<~2} of L(M)-formulas  such that for all 

r / E " 2 ,  4),(Vo)={~b<~(v):o~</z} is a consistent type and all s ~ < ~ 2 ,  

~bs,(Vo) =--1 qbso(Vo). Here, ~2(<~2) is the set of all sequences of O's and l's of 

length tz ( </x) .  It is easily seen that T is stable iff it does not have arbitrarily 

high Morley trees. For T stable, def ine/z(T)  to be the first infinite cardinal/z 

such that T has no Morley tree of height tz. T is called totally transcendental if 

/z(T) = No (this name is usually reserved for theories which are, in addition, 

countable but the author sees no reason for this restriction). 

We now review some known facts about stable theories. Shelah has proven 

(essentially in [14], see also [15], [16]): 

PROPOSITION 1.1. If T is stable t h e n / z ( T ) < I T I  +. 

It is an easy exercise to show the following. 

PROPOSITION 1.2. If T is stable and L '  C L then T' = T /L ' ,  the reduct of T to 

L' ,  is stable and I~(T')<-I.~(T). 

If p E S(C),  we say that A(vo) isolates p if A(vo)Cpand p is the unique 

extension of A(vo) to a type in S(C). p is A-isolated if it is isolated by a type 

A(vo) with IA(vo) l < A. Ressayre [12], Rowbottom (unpublished) and Shelah [14] 

proved both 1.3 and 1.4 below. 
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PROPOSmON 1.3. I[ A(vo)CF(C) is a type then there is E(vo) such that 
E(Vo) D A(v0), [E(v0)-A(vo)[ < / z ( T )  and ~(Vo) isolates a type of  S(C). 

The most important consequence of 1.3 is the existence of A-prime 

models. A model 9.1 I= T is A -prime over C if A D C, 9J is A -compact and every 

elementary map of C into any A-compact model ~ can be extended to an 

elementary embedding of ~ into ~ .  

THEOREM 1.4. If  T is stable and A >-_ I~(T) then for every set C there is a 
model ~ [ = T  which is A-prime over C. 

To prove 1.4 one constructs  an ~ which is strictly A-prime ov.er C. By this 

we mean that there is enumeration such that A = C U {ar and for all ~: < r ,  

p (a e, C U {a. }. <r is A -isolated. It is immediately seen that any strictly A -prime 

model over  C is A-prime over  C (the name "strictly A-prime" has been 

suggested by Shelah). 

9.l is called A-atomic over  C (cf. [7]) if for  any fi ~ A, p(t~, C) is A-isolated. 

Let ' s  call a cardinal A "wel l -behaved"  if A ->/z(T) and for  every  C, if 91 is 

A-prime over  C then it is A-atomic over  C. Ressayre [12] and Rowbot tom 

proved (independently) that every  regular A _-> p.(T) is well-behaved and, for  

A > [ T [ ,  Shelah [16] extended this to cf A _-_ r ( T )  (r(T)  is defined in [15] and 

[16]; it is a cardinal which satisfies r(T)_-</.~(T); see also [6] where Shelah's 

proof  is outlined at the end of the paper). This last condition cannot  be dropped 

as the following example shows. Let  L be a language containing unary 

predicates P(vo) and P,(vo), n < to and binary predicates R.(vo, v,), n < to. Let  

T be a theory whose axioms insure that: 

(1) --l(P(vo)AP.(vo)); -q(P,(vo)^P~(vo)) for  all n < m  <to. 

(2) R,(vo, V,) is the graph of a function mapping (the set of elements 

satysfying) P(vo) into P~(vo). 

(3) VVo'"Vv,_,(AP~(v~)-->3uAR~(u,v'~))., ,<. 

T is easily seen to be a complete theory stable in A iff A "0 = A. We have 

/z(T) = K(T) = NI. If cf A = No then A is "i l l -behaved" as one can see in the 

following way. Let  C = U ,<,C,  such that [C[ = A, ]C, [ < h and all elements 

of C, satisfy P, (Vo), n < to. Then, we claim, no A-compact model 9.1 containing 

C can be A-atomic. Indeed, A must contain elements {a,},<,, such that [=P,(a,) 

but  a,  ~ C, and also must contain an element  a such that I=P(a) and [=R~(a,a,) 
for  all n < to. p(a, C) is not A-isolated! 
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DEFINITION 1.5. (Shelah [15]) We say that a type p E S ( C )  does not split 

over D C C if for every a, 5 E C and every L-formula $(Vo,~), if p (& D ) =  

p ( b , D )  then d/(vo, a ) E p  iff ~b(vo, b ) E p .  

The importance of this notion is illustrated by the following facts. 

THEOREM 1.6. (Shelah [ 15] and the author [5], independently). I f  T is stable 

and p E S ( C )  then there is D C C, ID l < ~(T) such that p does not split over 

D. 

COROLLARY 1.7. Let  I be a set of  indiscernibles over C. I f  d is an element then 

there exists loCI,  Ilol </z(T) ,  such that I -  Iv is a set of  indiscernibles over 

C t3 {d}. Consequently, i f D  is a set ofcardinali ty  less than A, where a > iz (T)  

or A =/x (T)  and A regular, then there is Io C L I lol < A, such that I - Io is a set of  

indiscernibles over C t3 D. 

For a direct proof of 1.7 see proposition 1.3 in [7] (the same proof yields, in 

fact, 1.6). It should be mentioned that Shelah improved 1.7 in [15] by obtaining 

it with K(T) instead of tz(T), 

PROPOSITION 1.8. Assume  T to be stable. Given sets C and {dR} . . . .  denote 

p~ = p (da, C t_J {d~ }~ ~ ). I f  Po C_ p~ whenever [3 < t~ < r and p,  does not split 

over C then {d~}~<, is a set o f  indiscernibles over C. 

The principle captured by 1.8 originates with Morley [10], theorem 4.6, and 

has been used repeatedly by Shelah [13]-[16] and the author [5], [6]. 

The following beautiful definability theorem is due independently to Baldwin 

[1] and Shelah [16] (theorem 3.1), and was crucial in Lachlan's proof [8]. It is, in 

a sense, a refinement of 1.6 obtained by "localizing" that statement to ~b-types 

(see, e.g., [16] for a definition). This idea of "localizing" comes from Shelah's 
[14] and proved to be very fruitful. 

THEOREM 1.9. Assume  T to  be stable. I f  C is a set and a an element then for 

every L-formula ~b(u,g) there is an L(C)- formula  ~b,(g) such that for all 

e ~ C, I=q,(a, e) iff I=~b,~(6). 

2. A-compactness with respect to F(vo) 

Let T be a stable theory, A a cardinal, A _-> p (T)  and F(vo) a pure type with 

Ir(vo)l< . 
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DEFINITION 2. I. A set C is called A -compact with respect to F(vo) iff for any 

type A(vo) over C, if IA(vo)[ < A and F(vo)CA(Vo) then A(vo) is realized by an 

element of C. 

The main result of this section is the following. 

THEOREM 2.2. Under the assumptions specified above, if C is A-compact with 

respect to F(vo) and 92 is a model of  T which is A-prime over C then 
F(92) = F(C). 

PROOF. If A is well-behaved then the theorem is trivial: Let a E F(92) and let 

A(v0) C F(C), IA(vo) j < X, isolate p (a, C). We may assume that F(vo) C A(v0) and 

so, there is an a '  E C realizing A(vo). Since A(vo) isolates p (a, C), it follows that 

p (a' ,  C) = p (a, C). This implies a = a '  (because vo = a '  E p (a' ,  C)) which 
means that a ~ F(C). 

We now turn to a proof of 2.2 which does not use the assumption that A is 

well-behaved. At a first reading, one might skip the coming proof and go to the 

Main Lemma 3.1 in Section 3 and then to Sections 4-6 to see how some of the 

subsequent results are proved for well-behaved cardinalities A. We first prove 

two lemmas the second of which will be used also in Section 3. 

LEMMA 2.3. If  C is A-compact with respect to F(vo) and a realizes a 
A-isolated type over C then C U {a } is A-compact with respect to F(vO. Also, 

r ( c  u {a}) = r(c)~ 

PROOF. Denote by X(Vo) the type over c of power less than A which isolates 
p (a, C). 

Let A(vo)D F(C U {a}) be a type extending F(vo) and such that ]A(vo)l < A. 

We want to show that A(vo) is realized by an element of C. Obviously, 

A(Vo) = A'(Vo, a) for some 2-type A'(Vo, v,)CF2(C). Define a new type A"(vo)= 

{:~Vl$(Vo, VO:~,(Vo, V,) is a finite conjunction of formulas from A'(Vo, V0D 

Z(v,)}. Then F(vo)C A"(vo)C F(C) and [A"(Vo)l < A so, by the A-compactness of 

C with respect to F(vo), there is a c ~ C such that I=A"(c). It follows easily, by 

the definition of A'(vo), that there is an a '  such that [=A'(c, a ')  O Z(a').  As E(Vo) 

isolates p(a,C),  we get that p ( a ' , C ) = p ( a , C ) .  Hence, ]=A'(c,a') implies 

I=A'(c,a) i.e., I=A(c). So, A(vo) is realized in C. We have still to show that 

F(C U {a}) = F(C). This equality could be violated only if a ~ F(C O {a}). But 

in this case, one can see that a E F(C) by the argument used to prove 2.2 for 
well-behaved A. 



Vol. 21, 1975 FORMULAS IN A STABLE THEORY 13 

LEMMA 2.4. I f  {C.}~<~ is an increasing sequence of  A-compact sets with 

respect to F(Vo) and if F(Ca) = F(Co) for all el < 6, then C~ = U ~ <~C~ is also 

A-compact with respect to F(Vo). 

PROOF. Without loss of generality, we may assume that 8 is a regular 

cardinal smaller than A (this is so because for B a successor ordinal the lemma 

is a triviality and for 6 limit we may consider a cofinal subsequence of {C, }.<~ 

of length cf6;  cf8 is a regular cardinal and if cf8 _-> A then the theorem is, 

again, trivial). 

Let A(vo) C F(C~) be a type extending F(vo) and with ]A(vo) l < A. We want to 

show that A(vo) is realized in C~. At this point we may assume, without loss of 

generality, that A > ] T ] (if A _-< [ T [ then we can take a sublanguage L'  C L, [L'[ < 

A, such that all formulas in A(Vo) belong to L ' (C , )  and consider the theory 

T ' =  T[L ' ;  by 1.2, T' is stable and tt(T')_</.*(T)_-<A; the assumption of 

A-compactness with respect to F(Vo) is clearly preserved when we restrict T to 

T'). Let q ~ S(Co) be a type such that q t3 A(Vo) is consistent. By 1.6, there is 

E CCo, IE[</ .~(T)-<A such that q does not split over E. Let  A(Vo) = 

O~<,A~(vo) where Aa(vo)CF(C~). Define by induction on so<A, elements 

a~ C Co such that, if s c = 8 �9 + a with a < 8 then a, realizes 

A~(vo) Uqf(EU{a~}~<~). Such an ae exists in Ca because of the A- 

compactness of this with respect to F(Vo) (the assumption that A > I TI is now 

used to insure that the type under consideration has power < A). Moreover, 

a~ E F (Ca) = F(Co) and so, a, E Co. As 

p~ = p(a~,E t3 {a~},<~)= q [(E U {a~}~<~) 

and q does not split over E we see that the assumptions of 1.8 are fufilled so 

that we can conclude that {a,},<~ is a set of indiscernibles over E. By 1.7, 

there is an IoCI,-IIo[<A, such that I - I o  is a set of indiscernibles over 

E O D, where D is the set of elements of C8 which occur in A(vo) (at this point 

we use again the fact tha(,A > IT[ to conclude, with the help of 1.1, that A 

satisfies the assumptions of 1.7). Notice that for any a < 8, there are, by 

construction, A many elements of I realizing A (Vo). It follows that for every 

< 8, some and hence all elements of I - Io realize A~ (Vo). We conclude that 

A(Vo) = LI ~<~A~(Vo) is realized in Cs (by any element of I -  Io). 

THE ProoF OF 2.2 (CONCLUDED). We may assume that ~ is strictly A-prime 

over C, so Aa = C U {a. }, <, and each a,  realizes a A- isolated type over A,  = 

CU{ao}o<a. By induction on a, it follows that Aa is A-compact with 
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respect  to F(Vo) and F (Ao)=  F(C). The induction uses 2.3 for the successor 

case and 2.4 for the limit case. We infer that F(92) -- F(C). 

3. The Main lemma 

We now turn to the main result of the paper which, as said in the 

introduction, is an analogue of Lachlan's result in [8]. The proof is inspired by 

Lachlan's.  As a matter of fact, we have in mind a simplified version of that 

proof due to Shelah (private communication). For a slightly different simplified 

proof see Baldwin [2]. 

MA1N LEMMA 3.1. Let T be a stable theory, A >_ Ix(T) and F(vo)- a type of T 

with I F(vo) [ < A. If T has a pair of A-compact models 920, 921 such that 92o < 9)11 

and F(92~) = F(92o) then there exists a A-compact model 922 such that 9)l~ < 9212 

and r ( 9 2 2 )  = r ( 9 2 o ) .  "~ 

PROOF. Pick c o E A I - A o .  By 1.9, for every L-formula  ~ (u , s  there is an 

L(Ao)-formula ~,(,~) such that for ~ A o ,  [=0(Co, t~) iff [=4~,(ti). Define 

q ={~b(Vo,/~): ~b(u,~) an L-formula,  5 ~ A I ,  ]=d~,(/~)}. It is easy to see that 

q E S(A~), q does not split over Ao and p(co, Ao)Cq. Let c~ be an element 

realizing q. Obviously,  cl does not realize F(Vo), so F(A~ U{c~})= F(92~)= 

F(92o). 

CLAIM 3.2. AI t_J {cl} is A-compact with respect to F(vo). 

PROOF OF 3.2. Let A(vo) be a type over A, U {cl} extending F(vo) and with 

IA(vo)l < A. The formulas of A(vo) are of the form ~b(c,, Vo,/~) with qKu, Vo,s an 

L-formula  and/~ ~ A,. We want to show the existence of an element a ~ A i 

realizing A(vo). By the very definition of cl, this is equivalent to finding an 

a E AI which satisfies the set A'(vo)CF(AI) of formulas defined by A'(vo)= 

{4~,(Vo, 6): ~b(c,, Vo, b ) E  A(vo)}. Because of the A-compactness of 92, all we 

have to do is to prove that A'(vo) is a type. Assume that this is not the case. 

Then for some k < to  and some formulas d/~(c,,vo, G,)~A(Vo), 1 <-i <-k, 

k 
(1) [=---i=lvo A 4~,,(Vo,/~). 

i--I 
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On the other hand, the 5~'s satisfy, for every finite conjunction ,/(Vo) of 
formulas from F(vo), 

1:3Vo(,~,qJ,(c,,vo,~) ^ 3,(Vo)). 

Denote this last sentence satisfied by c, and the /~'s by 3,*(c,,"',/~k). We 
obviously have that 

(2) [= 4'~'(g,,"" ", gk ) for all 3' (Vo) as above. 

Conditions (1) and (2) specify <A L(Ao)-formulas satisfied by /~,,...,/~. 
Because of the A-compactness of ?lo, there are ~ ,  ..., t~ k E Ao satisfying the 
same formulas, i.e., 

(l') 1=--13oA O,,(Vo, a) and 
i = l  

(2') )= q,~.(a,, ..., & ) 

for every 3,(vo) as above. By the definition of 

I= y*(Co, t~,, ..., ak) i.e., 

1=3Vo (,~ qJ,(Co, Vo,~,) ̂  ~,(Vo)). 

q~., (2') implies that 

As this is true for every finite conjunction y(Vo) of F(vo)-formulas, it follows 
that 

/ / F(vo)U ^ O,(Co, Vo,~,) 
i = l  

is a consistent type and hence, by the A-compactness of ~l,, it is realized by an 
element a~A , .  As a EF(gg,)=F(~o) we have, in fact, that a~Ao. As 

I=g,~(Co, a,a~), we have that I=~b,,(a,a~) for l<i<-k. This contradicts (1') 
concluding the proof of 3.2. 

To finish the proof of 3.1, take 9.1z to be a model of T which is A-prime over 
A, U {c,}. By 2.2, 

F(~z) = F(A, U {c,}) = F(92o). 
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REMARK. We would like to point out the relationship between 3.1 andLachlan's 

result which inspired it. For A = p . ( T ) =  ~ ,  3.1 yields the following: I f  920, and 

93, are models of  a (possibly uncountable) totally transcendental theory T such 

that 920 < 93, and Q(~,) = Q(93o), Q(9.1o) a unary predicate, then there is a model 

92~ o f  T such that 92~ < 922 and Q(922)= Q(92o). Lanchlan's theorem is the 

similar statement for countable stable theories. Thus, 3.1 only partially 

generalizes Lachlan's result. The question whether Lachlan's theorem is true 

for arbitrary stable theories is still open (but see Section 5 below). 

We can now iterate applications of 3.1 as many times as we wish using 2.4 at 

limit stages. 

COROLLARY 3.3. If 930, 93,, are A-compact models of  a stable theory T such 

that ~o<~ ~,  and F(93,) = F(~o) where A > l~(T) and A >lF(vo)l, then we can 

find A-compact models ~I~ a >->_ 2, such that 93~ ~ 9A~ whenever 0 <= [3 < a and 

F(92~) = U(93o) for all a. Thus, 93, has arbitrarily large elementary extensions 93 

with F(93) = F(93o). 

PROOF. Define 9A~ by induction on a. If 92~ is defined, get 93,+, by applying 

3.1 to the couple of models 9.Io, 93~ ; if ~ is defined for all o~ < 8, 8 limit, then 

2.4 implies that [.J ~<~ A~ is A-compact with respect to F(vo) and so, we can 

take 93~ to be A-prime over that set. 

4. From A-compact to A,-compact models 

This section (as well as the subsequent ones) does not depend on Corollary 

3.3 and thus, for well-behaved A and At, does not depend on 2.4. 

Given A-compact models of T, 9.1o and 9.1, such that 92o< 9A, and F(93o)- 

F(931), we may iterate the application of the Main Lemma 3.1 to times without 

encountering any difficulty. We get a strictly increasing elementary chain 

{9/n}n<, of A-compact models of T such that F(92,) = F(93o) for all n < to. Once 

93. is defined, the construction of 93,+, by the process described in the proof of 

3.1 can be carried out in many ways since it depends on the arbitrary choice of 

CoG A , -  Ao. However, there is one obvious way of constructing the chain 

{93.},<. which involves just one arbitrary choice. This way yields the following 
result. 

LEMMA 4.1. I f  930 <~ 9.1~ are A-compactmodels  o f  a stabletheory T, A >-_ I~(T) 

such that U(93,) = F(93o) where [F(Vo)] < A, then there exists a model 93 of  T such 
that ; 
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(i) 91o < 91 and F(91) = F(91o); 

(ii) there is a sequence {c.} . . . .  c. E A,  o f  indiscernibles over Ao such that 

for any n < to, Ao U {c~},<. is included in a A.compact elementary substructure 

of 91. 

PROOF. Pick c o E A . - A o  and an L(Ao)-formula ~b,(s against each L -  

formula g~(u,X) as in the proof of 3.1. Define by induction 91. and c._1E A. for 

n - > 2  such that 91.+1 is A-prime over A. LI {c.} and c. satisfies the type 

q, ~ S ( A , )  defined by q. = {~b(vo,/~): r  an-L-formula , /~  E A., l=q~,(G)}. 

By the proof of 3.1 we have that {91.}.<,~ is a strictly increasing elementary 

chain of A-compact models F(91.) = F(91o) for all n < to. Taking 91 = U .  <~, 91. 

we see at once that (i) is satisfied. It is easily seen that q. C_ q .  for 1 _-< n -< m 

and that q. does not split over Ao. A fortiori, the types 

p. = p (c . ,Ao  U {c,},<.), 

n < to, satisfy the same properties hence, by 1.8, {c. }.<,, is a set of indiscerni- 

bles over Ao. Notice that {c~},<, is contained in the A-compact model 91.. This 

completes the proof of  4.1. 

The main result of this section is the following "transfer"  theorem: 

THEOREM 4.2. If  9Io, 91, are A-compact models of  a stable theory T such that 

91o < 91. F(91,) = F(910) and if A, A, > t~ (T),  A, A, > [F(vo)[,thenforeverycardinal 

t< >A,  there are Ai-compact models ~ o , ~ , l = T  such that ~o/<~1,  F ( ~ 0 =  

r(~o) and [~o[ < hi TI, I~,l  => K. 

PROOF. Let  9 / and  {c.}.<. be like in the conclusion of 4.1. A standard use 

of  the compactness  theorem yields a A : c o m p a c t  model ~o of  T containing a 

set {d~ }a<^, of indiscernibles such that any k-tuple of  distinct elements from 

{do }o <A, satisfies the same L-formulas  as any k-tuple of distinct elements from 

{c.} . . . .  Without loss of generality, we may assume that ~o is A,-prime over 

F(~o) U {d.}.<A, and hence [~0[ =< A [rl (because, by Shelah [14], T is stable in 

A I Tr and by [6] it has a saturated model in that power). 

We claim that {d~ }.<A, is a set of indiscernibles over F(~o). If this not true 

then there are k-tuples d, d '  from {da}~<~,, an L-formula  r163 ~) with k + l free 

variables and an l -tuple /~ ~ F(~o) such that [=0(d./~) r b). In other 

words,  the l-tuple /~ satisfies the following type, where ~ = (Vo.--- vt_~), 

~(~) = {r t~),,4 r  v)}  u r(Vo) u . . .  u r (v ,_ , ) .  
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Let ~ and ~' be k-tuples from {c,},<.o such that the 2k-tuples ~ " ~ '  and dnd' 
satisfy the same L-formulas.  It follows that the set of L(t~ o~ ' )-formulas  

~ , ( ~ )  = {~,(e, e ) r  #,(e' ,  ~)} u r(vo) u ... u r(v,_,)  

is a consistent type. As IE,(~)I<A and e n e ,  belongs to a ;t-compact 

substructure of 9~, the type E,(~) is realized by an l-tuple a E A. In fact, 

t~ E F(9~) = F(9~o). This shows that {c,},<, is not a set of indiscernibles over Ao, 

a contradiction to (ii) of 4.1. 

To end the proof, consider an extension {da}~<. of {d.}a<,, to a set of 

indiscernibles over F(~o) of cardinality x. We now show that C = 

r( 0) u {d~ }a<.is A i-compact with respect to F(vo). Let  A(v0) C F(C) be a type 

extending F(vo) and with [A(vo) l < A,. Let D be the set of d~ 's occurring in A(Vo) 

and let f :  D--~{da}~,  be a bijection of D onto D'  = f(D). The set of formulas 

A'(vo), obtained from A(vo) by substituting each occurrence of any d. ~ D by 

an occurrence of f(d,,), is a consistent type. As [ A'(vo) I < a,,  A'(Vo) C F(Bo) and 

~o is h ,- compact, the type A'(vo) is realized by an element b ~ Bo. In fact, 

b E F(~0) C C. Using the fact that {d~ }. <. is a set of indiscernibles over F(~o) 

we conclude easily that b satisfies A(vo) as well. Thus, C is indeed a~-compact 

with respect to F(v0). Take ~ ,  to be a model which is h~-prime over C. Then 

I~,[ >= K, ~3, is X,-compact and F(~,)  = F(C) = F(~3o). As ~3o is A,-prime over 

F(~o) O {d~}~<A, CB,,  we may assume that ~o < ~, .  

The proof is now complete. 

Notice that all the elements d~, o~ < x, realize the same type as Co does. This 

remark, coupled with the fact that Co was a completely arbitrary element of 

A , - A o ,  yields the following stronger version of 4.2. 

THEOREM 4.2'. If 9~o, 9~, satisfy the assumption of 4.2 and, in addition, 
E(gd~) ~ ~,9.1o) for some type E(vo) then T has Aj-compact models ~o, ~J such 
that 

and I~(~,)l = K. 

5. Shelah's two cardinal theorem 

As a corollary to 4.2, we get the following theorem of Shelah (which predates 

Lachlan's  [8]; for countable T, Lachlan's  theorem is stronger). 
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THEOREM 5.1. (Shelah [13]) I f T i s  stable, 930, 93~1=T, 93o ~93J and, fora  unary 

predicate Q(vo), Q (930= Q(93o), IQ(93o)1----~ then for any r, tx such that 

r >Ix >= ITI, T h a s  a model ~ with I ~ l = r  and IQ(~)I-- Ix. 

PROOF. It is a simple exercise to show that under the given assumptions, T 

has a pair of A-compact models satisfying the same conditions as 93o, 93, do. 

The conclusion follows then from 4.2 whenever Ixlrl = Ix. The full conclusion 

follows from Vaught's theorem for two cardinals far apart [17]. 

REMARK 1. Shelah's original proof of this theorem in [13] was set theoreti- 

cal (it involved the use of an instance of GCH which was then eliminated by 

an absoluteness argument). Subsequently, he found a purely model theoretic 

proof (outlined in [16]). Our proof is different from both of Shelah's. Another 

proof which is closer to Shelah's original one but model theoretic in nature can 

be given using 2.4 in the following way: We first take a couple of saturated 

models ~3o, ~,,  of a power ;t > [ T[ in which T is stable, such that ~3o < ~ and 
Q(~3,) = Q(~3o) (this is possible for any A as mentioned and particularly easy 

when A is regular). Next we construct a strictly increasing elementary tower 

{~a}~<~* of saturated models as Chang's proof [4] using 2.4 at limit stages. This 

yields a model of type (a +,A) where T is stable in A. The conclusion now 

follows by standard techniques of stability theory. Still another proof of 5.1 can 

be given using Lachlan's theorem, compactness and the fact that the reduct of a 

stable theory to any sublanguage is stable. 

REMARK 2. In analogy with 4.2', one can show that if 930, 9,  from 5.1 satisfy 
the additional hypothesis that E(93,) ~ E(93o) for some type of E(Vo) then there is 

a ~3 with I Q(~3)I = Ix and [Y~(~3) I = K. The same conclusion could be drawn by 
(slight modification of) either Shelah's original proof in [13] or any of the last 
two proofs outlined in the previous remark. 

This stronger form of the two cardinal theorem is by no means a specialty of 

stable theories. For example (again, a slight modification of) Vaught's proof 

yields the following form of Vaught's two cardinal theorem in [1 1]: if T has a 

pair of models 930, 93, such that 930<93,, Q(93,)=Q(93o), IQ(93o)1--~ and 

E(93,) ~ Y(930) then T has a model ~3 with I Q (~3)] = No and IE(~I = N,. A similar 

remark applies to Chang's two cardinal theorem [4]. 

6. Application to minimal types 

Let us remind the reader that a type F(vo) over a set C is called algebraic iff 

F(vo) is realized by only finitely many elements (of eg). Equivalently, F(vo) is 
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algebraic iff there is a finite conjunction y(Vo)of formulas from I'(vo) such that 

for some n < to, [=3~"Vo~/(Vo) (i.e., "there are at most n elements Vo such that 

~,(Vo)"). 
A type I(vo) over any set is called minimal if it is not algebraic and for every 

formula 6(vo,~) (with a not necessarily occurring in I(vo)), either l(vo)U 

{~b(vo, ti)} or l(vo)U {~]ql(vo, t~)} is algebraic. 
The notion of minimal type has been introduced by Ressayre ([7]) as a 

generalization of Marsh's notion of strongly minimal formula ([9], cf. also [3]). 

The relevance of minimal types to our subject lies in lemma 6.1 below. 

A set C is algebraically closed if every algebraic type over C is realized by 

an element of C. If ~ ]---T then A is algebraically closed. 

LEMMA 6.1. If  C is algebraically closed, l(vo)CF(C) a minimal type, 

]I(vo)[ < A, and I/(C)[ => A then C is A-compact with respect to I(vo). 

PROOF. Let A(vo)CF(C), [A(vo)l<A, be a type extending l(vo). By our 

assumption on C, if A(vo) is algebraic then it is realized in C. If A(Vo) is not 

algebraic then, by the definition of minimality, I(vo) tO {-1 q~(Vo)} is algebraic for 

all d/(Vo) E A(vo). This implies that each such qJ(Vo) is satisfied by all but finitely 

many elements of I(9.1). Hence, A(Vo) is realized by all but less than A elements 

of I(~). 

It follows that if 9.1 is a model with 1I(9.1) I = A >/x(T),  I(vo) a minimal type 

with II(vo)l < A, and if ~ is a model A-prime over A then I ( ~ ) =  l (~)  and, 

hence, I I(~)l - X. This remark allows us to improve 4.2 for the particular case 

of minimal types. 

THEOREM 6.2. I f  ~o,~, are A-compact models of a stable theory T, ~o <~ 9~ 

and I ( ~ ) = I ( ~ o )  where l(vo) is a minimal type with II(vo)l<A,A, and if 

A,A~>/x(T), A,----ITI then for every cardinal r >A, there is a A,-compact 

model ~11= T such that l ~  I = r and ]I(~1)[ = A, (thus, ~ is not A ~;-compact ). 

PROOF. As in the proof of 4.2, we first construct a model ~o which is 

A ccompact and contains a set {do }~<~, of indiscernibles over I(~o) but this time 

we take ~o to be a A~-prime over B~ where ~ is a model of cardinality A, 

containing {d~ }a<~,. By the previous remark, II(~o) l = A, (although [~01 may be 

as high as A ~Tt). We next get ~ as in the proof of 4.2. 

If T is stable then minimal types are at hand by the following statement 

which we recall from [7]: 

PROPOSITION 6.3. If  T is stabie then there exists a type I ( vo) over a set C such 
that I(vo) is minimal and [I(vo)l <--ITI (in fact, I(vo)< it(T)). 
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We illustrate now a use of this and the previous result. S. Shelah proved the 

following important theorem in [15]: 

THEOREM 6.4. I f  a theory T has a model ~ with [~J>A rrl which is 

IT I+-saturated but not A +-saturated then for  every regular cardinal A,, T has 

models o[ arbitrarily large cardinalities which are A,-saturated but not A i- 

saturated. 

Shelah's proof runs as follows. First he shows that if T is unstable then the 

conclusion of the theorem always holds. This is done by an extremely beautiful 

argument (theorem 6.1 in [15]) using the fact that T has arbitrarily high Morley 

trees. Then 6.4 is proved under the assumption that T is stable, the proof 

breaking down into several cases for A,. We now point out that the case 

A, > I T  I easily follows for arbitrary (i.e., not necessarily regular) A, from 

6.1-6.3. More precisely, we prove the following. 

THEOREM 6.5. I f  T is stable and has a model 9.1 with [ ~ [ > A m which is 

I T I+-saturated but not A*-saturated then for every A, > [ T I, T has models o f  

arbitrarily large cardinalities which are A,-saturated but not A ~-saturated. 

PROOF. By 6.3 there is C, [ C [ < [ T[ and a type I(Vo) over C such that l(vo) is 

minimal. As 9.1 is [ Tl+-saturated, we may assume that C CA. By considering 

T ( C )  = Th(92, c)c~c instead of T we may assume, without loss of generality, 
that C = 0 .  

If [I(92)[< A then one can take 92o, 920 <92, such that 1(92)CAo (hence, 

1(92) = I(92o)), go is [T[+-saturated and 192o0 =<(I TI+) m~AIrJ. It follows that 

~0~  9.1. The premises of 6.2 are thus satisfied by 92o, 9~ and the desired 

conclusion follows from that theorem. 

If [I(92) I >A then, by 6.1, A is A-compact with respect to l(vo). Take 92,, 
92 < 921, to be a model which is A +-prime over A. Then 1(921)= I(~),  by 2.2, 

and 92~ 92 as 921 is A+-satured and 92 is not. The premises of 6.2 are again 

satisfied, this time by ~, 921, and the theorem follows. 

REMARK 1. By a more refined proof we could draw the same conclusion by 

assuming only that 9.1 is ( / , (T )+~) -compac t  (rather than I Tl§ 

Shelah has shown that 9.1 r(T)+-saturated or, if cf r ( T ) > t o ,  even K(T)- 

saturated is also enogh. 

REMARK 2. In the present context, we had to restrict ourselves to A, > r T[ 

as we are dealing with the notion of Arcompactness which is weaker than 
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A L-saturability if A, < I T I .  In the next section we discuss the problem of 

proving the results of this paper for "A-saturated" instead of "A-compact"  and 

indicate how, in certain cases, our proof of 6.5 can be extended to values of A, 

smaller than [ T I +. 

7. A-saturated vs. A-compact 

As the notions of a A-saturated and a A-compact structure are not equival- 

ent, it makes sense to try and define notions such as A-prime and A-isolated 

which are suitable for  the concept  of A-saturated rather than A-compact.  This 

has been done (see [16] where these were called (A,1)- prime and (A,1)- 

isolated). Of course, these notions are different, for  A < I T  I, f rom the ones we 

used in Sections 1-6. Most of the results of this paper can be proven for the 

new notions as well. We now briefly indicate some differences. 

Lemma 2.4 and, hence,  all the subsequent  results, seem to work only for  

A _-__ p / ( T )  where /~ ' (T )=  p~(T) § if ~ ( T ) =  K ( T )  and both are singular and 

/~'(T) = p-(T) otherwise (K (T) comes in through Shelah's improvement  of 1.7 

metioned in Section 1). The Main Lemma 3.1 can be proven,  for  A-saturated 

models, using 1.6 instead of the more delicate 1.9 (in fact,  the delicacy of 1.9 

was really needed for the case A = ~ ( T )  = &). 

A substitute for  6.1 can be proven,  namely: if l(vo) is minimal, II(vo)l < A, 

A > p. ' (T)  and C is an algebraically closed set such that l ( C )  contains a set of 

indiscernibles of power > A then C is A-saturated with respect  to I(vo~. Using 

this one can prove the conclusion of 6.5 for  any A, > /~ ' (T ) .  

REMARK. AS we learned after  completing work, S. Shelah has proven 6.5 

earlier than us and for A,/> K'(T),  where K ' ( T ) =  K ( T )  if c f K ( T ) >  ~o and 

K ' ( T ) =  K ( T )  § otherwise. His proof will appear in his book which is in 

preparation. 
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